I. AN OVERVIEW OF THE TOPIC AND ITS RAMIFICATIONS
where t is the time proper, and V gr is the group velocity of the carrier wave, plays in the temporal domain in fiber optics. The waveguiding structure in the planar waveguide is represented, roughly speaking, by a stripe with a locally increased effective refractive index.
Effective equations which model the temporal-domain propagation of optical waves in fibers, and the spatial-domain propagation in planar waveguides are similar to each other, taking the form of the linear Schrödinger equation for local amplitude u of the electromagnetic wave, which is written here in terms of the spatial-domain propagation, and in the scaled form:
In particular, the aforementioned stripe waveguiding channel is represented by trapping potential U (x) in Eq. (2), while the second derivative in Eq. (2) represents the paraxial (weak) transverse diffraction in the planar waveguide. A ubiquitous form of the potential is
where ǫ > 0 determines the effective depth of the potential well, and l determines its width. In the temporal domain, the transverse coordinate, x, is replaced by the above-mentioned temporal variable (1) . and the diffraction term in Eq. (2) is replaced by −(β/2)∂ 2 u/∂τ 2 , where β is the coefficient of the group-velocity dispersion (β > 0 and β < 0 correspond to the normal and anomalous dispersion, respectively).
Further, the similarity between the wave-propagation equation (2) in optics and the Schrödinger equation in quantum mechanics suggests a similarity between the guided transmission of waves in the guiding channel and propagation of real quantum particles in holding channel potentials [21] . The consideration of the transport of quantum particles in such channels gives rise to many intriguing peculiarities, such as, in particular, the consideration of curved guiding channels. In this context, it is relevant to mention a well-known result which demonstrates a strong effect of the confinement, imposed by a pipe-shaped potential, on the character of the effectively one-dimensional mutual scattering of two quantum particles, which amounts to full reflection of the colliding particles [22] . This theoretical prediction had suggested the experimental realization of the concept of the Tonks-Girardeau gas, i.e., a gas composed of hard-core bosons, which bounce back from each other when they collide [23, 24] .
A natural generalization of single-channel waveguides is provided by a coupler, which may be considered as a set of two parallel waveguiding cores, coupled in the transverse direction by tunneling of guided wave fields steered by each tunnel in the longitudinal direction. The respective system of coupled equations for amplitudes u and v of electromagnetic waves in the two cores is [25] (cf. Eq. (2))
where κ is the coefficient of the linear inter-core coupling.
The next step is to consider arrayed systems, composed of many parallel guiding cores, which are also coupled in the transverse direction(s) by the tunneling of longitudinally guided wave fields (planar and bulk arrays have, respectively, one or two transverse coordinates). The simplest model of such a guiding medium is provided by the two-or three-dimensional scaled Schrödinger equation with a periodic transverse potential, which represents the (idealized) structure of the multi-core bundle:
Here l is the array's period (defined in scaled units, in which Eq. (5) is written), and 2ǫ is the scaled depth of the effective trapping potential. In particular, in optics bulk arrays have been created, as permanent structures, by burning (also by means of an optical technology) a large number of parallel guiding cores in a bulk piece of silica [26] . As concerns planar guiding arrays, an interesting ramification of the topic is the propagation of optical waves in such arrays made with a curved shape [27] . On the other hand, a technology for the creation of reconfigurable virtual conduit patterns in the form of photonic lattices, was elaborated for photorefractive materials [28] . The latter technology makes use of the fundamental property of the photorefractive materials, in which the propagation conditions for light with ordinary and extraordinary polarizations are linear and nonlinear, respectively. To create a photonic lattice, the experimentalist first illuminates the sample by counterpropagating pairs of mutually coherent laser beams in the ordinary polarization, which create a classical interference pattern in the photorefractive crystal, which is an effectively linear medium for these beams. Next, a probe beam is launched, with the extraordinary polarization, in the transverse direction. Due to its inherent nonlinearity, the probe beam is affected by the originally created photonic lattice, as if it is a material structure that creates a spatially periodic modulation of the local refractive index in the transverse directions, i.e., essentially, another version of the multi-core guiding structure. The propagation of light or waves of a different physical nature in arrays with weak coupling between guiding cores may be naturally approximated by the discrete Schrödinger equation. The basic realization of such a medium is represented by planar arrays of parallel optical waveguides, coupled by evanescent waves penetrating dielectric barriers separating individual cores, the basic model being a scaled discrete version of Eq. (2):
where the discrete coordinate, n, which replaces x, is the number of the guiding core in the array. The study of light propagation in various multi-core systems, which may be approximated by lattice models similar to Eq. (6), is a vast area known as discrete optics [29] .
C. Nonlinear waveguides
In many situations, tightly confined guided waves, propagating in conduits with a small effective cross-section area, acquire high amplitudes, which is a source of a great many of fascinating nonlinear effects. In particular, waveguides often provide a combination of the nonlinearity, group-velocity dispersion, and low (or, sometimes, completely negligible) losses, which are necessary ingredients for the creation of solitons (robust self-trapped solitary waves). The simplest and, actually, ubiquitous model of the nonlinear wave propagation is based on the nonlinear Schrödinger equation (NLSE), which, in the simplest case, includes a cubic term. In optics, this term represents the Kerr effect, i.e., nonlinear self-focusing (or, sometimes, self-defocusing) of light in the dielectric medium. The accordingly amended linear Schrödinger equation (2) becomes the NLSE:
where σ = +1 and −1 corresponds, respectively, to the self-focusing and defocusing nonlinearity, i.e., self-attraction and self-repulsion of light in the nonlinear medium. Equations (4) and (5) each acquire the same cubic terms as in Eq. (7). In particular, the nonlinear version of Eqs. (4),
is the basic model of nonlinear couplers, their remarkable property being spontaneous symmetry breaking in the case of self-focusing in the parallel-coupled cores, σ = +1 [25, 30, 31] . A remarkable property of the one-dimensional NLSE in the absence of the potential (U = 0 in Eq. (7)) is that it is an integrable equation, for which a great manifold of exact solutions, including multi-soliton states, can be produced by means of a mathematical technique based on the inverse scattering transform [32] [33] [34] . These are bright and dark solitons, in the cases of self-focusing and defocusing, respectively. In particular, the exact bright-soliton solution to Eq. (7) with σ = +1 and U = 0 is
where η and c are, respectively, the arbitrary amplitude and velocity of the soliton (in fact, in the spatial domain, in terms of which Eq. (7) is written, the soliton represents a self-trapped light beam, and, accordingly, c is not a velocity, but rather a parameter which determines the tilt of the beam in the (x, z) plane). The discrete Schrödinger equation (6) also has its natural nonlinear counterpart, in the form of discrete NLSE,
i.e., a discrete version of NLSE (7). The discrete NLSE gives rise to discrete solitons and their bound states, which cannot be found in an exact form, but may be efficiently produced by numerical and approximate analytical methods [35] . The propagation of nonlinear waves in discrete waveguiding arrays was a subject of numerous theoretical and experimental works [29, 36] . The multidimensional extension of the NLSE also has direct realizations in optics, as well as in the mean-field model of atomic Bose-Einstein condensates (BECs) [43, 44] , and in many other areas. In particular, the spatial-domain light propagation in bulk media is modelled by the effectively two-dimensional version of Eq. (7), with two transverse coordinates, (x, y):
Unlike its one-dimensional counterpart (7), Eq. (11) in the free space (U (x, y) = 0) is not integrable. It admits formal soliton solutions, looked for as
in terms of the polar coordinates (r, θ) in the (x, y) plane, where k > 0 is a real propagation constant, S = 0, ±1, ±2 , ..., is an integer vorticity, that may be embedded in the two-dimensional soliton (shaping it as a vortex ring), and U S (r) is a real radial amplitude function satisfying boundary conditions U S (r) ∼ exp − √ 2kr at r → ∞, and
Solitons (12) with S = 0 are often called Townes solitons [45] . However, the Townes solitons, as well as their vortex counterparts, with S = 0 in Eq. (12) , are completely unstable, being vulnerable to destruction by the critical collapse (formation of a singularity after a finite propagation distance) in the case of S = 0, and by a still stronger instability which splits vortex rings with S = 0 [45] .
An important example of nonintegrable one-dimensional system modelling nonlinear light propagation in optics is the system of coupled-mode equations which describe the fiber Bragg gratings, i.e., nonlinear optical fibers with a periodic lattice of local defects permanently written in their cladding, with a period equal to half the wavelength of light coupled into this waveguide. The coupled-mode equations govern the evolution of amplitudes u and v of rightand left-traveling waves, which are mutually converted (reflected) into each other by the Bragg grating [37, 38] :
where κ is the Bragg-grating reflectivity, and the group velocity of the light waves in the fiber is scaled to be 1. This system admits exact solutions in the form of solitons, but it is not an integrable one. Such solitons, moving in the fiber Bragg grating as in the waveguide, have been created in the experiment [39] . Roughly, half of the soliton family is stable, and half unstable. The use of fiber Bragg gratings operating in the linear regime has grown into a large industry with many applications, such as sensors, dispersion compensators, optical buffers, etc. [40] .
Another fundamentally important nonlinear model for the guided wave propagation is the one with the quadratic, alias second-harmonic, nonlinearity, instead of the cubic (Kerr) term in NLSE (7). The model is based on the propagation equations for complex amplitudes u (x, z) and v(x, z) of the fundamental and second harmonics [41, 42] :
where q is a real mismatch parameter. Equations (I C), although being a nonintegrable system, also give rise to solitons, which are generically found in a numerical form. This solitons form a family which is chiefly stable, with a small instability area [41, 42] . In BEC models, Eq. (7), with evolution variable z replaced by (scaled) time, t, is called the Gross-Pitaevskii equation, in which the cubic term represents, in the mean-field approximation, an average effect of collisions between atoms [43, 44] . The natural sign of the collision-induced term corresponds to self-repulsion (self-defocusing), i.e., [48] .
Theoretical and experimental work with solitons and other diverse nonlinear effects (such as the modulational instability [52] and rogue waves [46, 47] , shock waves, separation of immiscible components in binary systems, kinks and domain walls [49] , instantons [50] , etc.) is a huge research area in many branches of physics [51] , including optics [52] , matter waves in atomic BECs [53] and BECs of quasi-particles (in particular, excitons-polaritons) [54] , plasmas [55] , ferromagnetic media [56] , long Josephson junctions in superconductivity [57] , acoustics [58] , etc. In many cases, waveguiding settings offer media in which many species of solitons can be created and/or stabilized, if the solitons do not exist, or exist but are unstable, in the respective uniform media. Characteristic examples are various methods elaborated for the stabilization of three-dimensional spatiotemporal solitons ("light bullets" [59] ), which are subject to strong instabilities in both two-and three-dimensional uniform media [60, 61] . It was demonstrated experimentally that both fundamental spatiotemporal solitons [62] and ones with embedded vorticity [63] can be made stable (in fact, as semi-discrete solitons) in the above-mentioned systems created as bundles of parallel waveguiding cores in bulk silica samples [26] . In fact, the commonly known stability of temporal optical solitons in nonlinear fibers [52] is also an example of the stabilization of a localized mode which is, strictly speaking, a three-dimensional one, with the self-trapping in the temporal (longitudinal) direction induced by the nonlinearity, while the transverse trapping is secured by the fiber's guiding properties, which are not essentially affected by the nonlinearity. Furthermore, the stability of matter-wave solitons in cigar-shaped trapping potentials [53] is provided by a similar mechanism, in spite of a completely different physical nature of the latter setting: the longitudinal self-trapping is induced by the selfattraction of the condensate, due to attractive interactions between atoms, while the confining potential prevents spreading of the condensate's wave function in the transverse directions. Moderate deviation from the effective onedimensionality essentially affects the shape of the matter-wave solitons, but still relies upon the trapping potential, to prevent the collapse of the three-dimensional self-attractive condensate [64] .
D. Waveguides built of artificial materials
The experimental and theoretical results outlined above were obtained in naturally existing media (and, accordingly, theoretical models of such media), or in settings produced by straightforward modifications of natural media, such as the aforementioned multi-core bundled guiding structures burnt in bulk silica [26, 62, 63] .
Still natural, but more unusual, optical materials are photonic crystals (PhCs) [65] and quasicrystals [66, 67] , as well as PhC-based heterostructures and interfaces [68] , and PhC fibers [69] [70] [71] , i.e., holey fibers in which inner voids form a PhC structure in the transverse plane. The difference from the traditional monolithic conduits, which guide light by means of the appropriate transverse profile of the refractive index, PhCs implement the bandgap-guidance principle, steering the transmission of different optical modes according to the spectral bandgap structure, as induced by the underlying crystalline lattice.
Related to PhC fibers are waveguides built as large-radius hollow fibers, with a specially designed multi-layer cladding, which, by means of the Bragg-reflection mechanism (acting in the radial direction), support omniguiding regime of the transmission of light in such conduits. As a result, the omniguiding fibers (alias Bragg fibers) may provide a quasi-single regime of the propagation for selected modes, even if the large-area fiber is a multi-mode one. This is possible due to the fact that all the modes, except for the selected one, will be suppressed by strong losses [72] .
It is relevant to mention that another guidance mechanism is possible too, which makes use of lattice structures similar to those underlying PhCs and PhC fibers, but, differently from them, these are nonlinear lattices [73] , i.e., spatially periodic modulations of the local nonlinearity coefficient. Naturally, such nonlinear lattices, and their combinations with the usual linear lattices [74] , are appropriate for steering nonlinear modes -first of all, solitons [73, 74] .
Furthermore, a new mechanism (thus far, elaborated theoretically) for guided transmission of one-and twodimensional spatial optical solitons, as well as their matter-wave counterparts in BEC, makes use of a purely selfdefocusing nonlinearity, growing from center to periphery in the D-dimensional space faster than r D , where r is the radial coordinate [75] . This scheme was predicted to stabilize a large number of diverse self-trapped (soliton-like) modes, both fundamental ones and complex topologically organized objects, such as three-dimensional hopfions [76] , i.e., vortex rings with internal twist, which carry two independent topological numbers: the vorticity and the twist.
PhCs and their various modifications may indeed be considered as natural materials because such structures are found in various animals, accounting for their coloration [77] . On the other hand, the recent progress in photonics has produced remarkable results in the form of artificially built media, which exhibit completely novel properties, that are not possible in natural media, a very important example provided by left-handed metamaterials, featuring negative values of the refractive index [78, 79] . This property may be used for realization of fascinating applications, such as superlensing, which breaks the diffraction limit of imaging [80] , and optical cloaking, lending partial invisibility to small objects [81] . Other well-known examples of purposely designed artificial optical media with extraordinary properties include hyperbolic metamaterials, whose tensors of the dielectric permittivity and/or magnetic permeability feature principal values of opposite signs [82, 83] , planar metasurfaces [84] , epsilon-near-zero materials, in which the refractive index nearly vanishes [86] , photonic topological insulators [87, 88] (which exemplify the area of topological photonics [89] ), and others. The use of such media opens numerous possibilities to implement diverse optical effects, including nonlinear ones [90] and guided-wave propagation, in forms that were not known previously (for instance, in the form of the surface waveguiding in photonic topological insulators, which is immune to scattering on defects, as the scattering is suppressed by the topology of the guiding system), and are unified under the name of metaoptics [91] . Another unifying concept is nanophotonics, the name originating from the fact that many of these materials are assembled of elements with sizes measured on the nanometer scale (which is deeply subwavelength, in terms of optics). One of fundamentally interesting subjects of nanophotonics is trapping and transmission of light in nanowires, i.e., optical filaments (usually, made of silicon), whose diameter, measured in nanometers, is much smaller than the wavelength of light, while a typical length may be a few millimeters; one of their important applications is the use in solar photovoltaic elements [93] .
E. Dissipative and parity-time symmetric waveguides
The brief discussion of the waveguiding mechanisms give above did not address the presence of losses and the necessity to compensate them by gain. This assumption is valid for relatively short propagation distances, as well as in the case when the compensating gain matches the action of losses so accurately that both factors may be simultaneously neglected, in the first approximation. In reality, losses are an inevitably existing gradient in plasmonics and metamaterials, as the respective waveguides are based on metallic elements, which introduce the Ohmic dissipation. ]
Generally speaking, if the medium is essentially lossy, the above-mentioned index-guiding and bandgap-guiding mechanisms, which define the guiding channel(s), respectively, in terms of a transverse profile of the local refractive index, or the transmission-band structure, induced by the PhC or PhC fiber, may be replaced by a gain-guiding scheme, in which the signal propagates, in a lossy planar or bulk medium, along a narrow stripe of gain locally embedded into the medium [94] [95] [96] .
A recently developed topic, closely related to the light transmission in dissipative waveguides, deals with the paritytime (PT ) symmetry, which implies balance between symmetrically (in space) placed gain and loss elements. A paradigmatic model (it often includes nonlinearity, although the PT symmetry is, by itself, a linear property) is represented by NLSE (7), in which the potential is made complex, with real and imaginary parts being, respectively, spatially even and odd ones:
Another fundamental realization of the PT symmetry in optics and related fields is offered by a coupler, in which one core carries uniformly distributed gain, and the parallel-coupled one is uniformly lossy, the accordingly modified Eqs.
being
where γ > 0 is the gain-loss coefficient. The PT symmetry has been experimentally realized in photonics, and a large number of guided-wave-propagation regimes have were investigated in such systems [97] [98] [99] [100] . In particular, as concerns solitons, although PT -symmetric systems belong to the class of dissipative ones, where, generally speaking, solitons exist as isolated attractors, selected by the condition of the double balance, between the dispersion (or diffraction) and nonlinearity, and between the gain and loss (the latter principle is very important for the creation of stable temporal solitons in fiber lasers [101] ), in PT -symmetric systems solitons exists in continuous families, similar to their counterparts in conservative models [99, 100] . In addition to the interest to fundamental studies, systems with the PT symmetry offer promising applications, such as, in particular, "light diodes", admitting unidirectional propagation of light in the waveguide, and lasers operating in the PT -symmetric regime [102] .
II. ANNOTATION OF ARTICLES INCLUDED IN THE SPECIAL ISSUE
The present Special Issue is composed as a collection of 20 contributions, which include 5 relatively brief reviews, summarizing recently obtained results in various areas of the guided-wave propagation in photonics, and 15 original papers reporting novel findings in this broad field. The contributions may be naturally grouped according to different forms and manifestations of the guided-wave propagation addressed in these works. Accordingly, in the list of papers published in the Special Issue, following below, is divided in 11 topics ((A)-(K), and review articles are highlighted. In all the cases, subjects addressed in the papers are sufficiently clearly defined by their titles.
(A) A batch of three papers may be classified as addressing problems arising in the fundamental (general) theory of the guided wave transmission in conservative (i.e., lossless) nonlinear media. 
